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Erratum to: ’’Remarks on the second neighborhood 

problem” 

Salman Ghazal 1 

Abstract 

We prove that the proof of existence of weighted local median order of 
weighted tournaments is wrong and that the proof of the correct statement 
which asserts that every digraph obtained from a tournament by deleting a 
set of arcs incident to the same vertex contains a mistake, in the paper enti¬ 
tled ’’Remarks on the second neighborhood problem”. We introduce correct 
proofs of each. 

Let T = (V.E) be a tournament on finite number of vertices. Let L — v\V2--.v n 
be an order of V. L is called a median order of T if (o(L) |{(v;,v/) G E(D) \i < 

/} | is maximized. The interval [i,j] is the sub-digraph induced by the set {v ; . v/+i..... Vj}. 
L is called a local median order of T if it satisfies the feedback property: For all 
1 < i < j < n : 

and 

Ml ^ 

Every median order is a local median order. 

Indeed, let L = viV 2 -..v„ be a median order of T and assume that the feedback 
property does not hold for some i < j. Suppose that A-j ^ (Vi)l < l iv l y]( v i)l- Let 

L' — vi_v;_iv;_|_i...VyV;Vy_|_i...v M be the order obtained from L by inserting v; just 

after vj. Then we have: 

(O(L') = (o(L) + \{(v k ,Vi) G E(D);i <k< j}\ - |{(v/,Vjt) G E(D);i <k<j}\ 

= “(L) + l^y](vi)| - lytj]( v i)l > ®(L) 
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which contradicts the maximality of <u(L). 

Suppose that < l^j](vy)|. LetL" = vi...v/_iv ; v/v (+ i...vy_ivy+i...v„ 

be the order obtained from L by inserting Vj just before v,. Then we have: 


m(L'') = ffl(L) + |{(v ; ,v t ) e £(D);i < k < y}| - |{(v*,Vj-) £ E(D);i<k< j}| 

= ®(0 + |W,V|(vy)| - |y y] (vj)| > ffl(L) 

which contradicts the maximality of (o(L). Therefore, L is a local median order 
of T (see [1]). 

Now we consider the case of weighted tournaments, that is there is a positive 
weight mapping CO : V —>■ M + * that assigns to each vertex x G V a weight co(x) > 
0. In [2], an order L — vi v ’2 • • ■ v n of V is called a weighted local median order of T 
if it satisfies the feedback property: For all 1 <i<j<n: 

E ^ E 

and 

E > E ®W- 

X€A D[U]( V i) 

In [2], the weight of an arc e — (u,v) G E is the weight of its tail, that is, 
co{e) — (o{u). Let L = v\V 2 ---v n be an order of V. The weight of L is defined 
in [2] as 0)(L) E ®(( v o v ;'))- Suppose that L is an order of T whose 

{vi,Vj)eE,i<j 

weight is maximum. The authors in [2], claimed that L is a local median order 
of T without proving it. If we proceed to prove their claim as in the proof of the 
non-weighted case [1], then the proof will fail. Following the proof of the non 
weighted case, we let L = viV 2 -..v„ be an order of T with maximum weight and 
assume that the feedback property does not hold for some i < j. We suppose that 
E co(x) < E co(x). Let L! = vi...V(_iv, + i...VyV i Vy + i...v n be the order 
xeiv+^i) xeN^ivi) 

obtained from L by inserting v; just after vj. Then we have: 


G}{L!) = C 0 {L) + E ®(( v *>v;))- E ®((vf,Vjt)) 

{v k ,vi)eE,i<k<j ( Vi,Vk)£E,i<k<j 
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= (0{L) + £ co{v k ) - £ co{v k ) 

( v k ,Vi)eE,i<k<j ( Vi,v k )eE,i<k<j 

= co(L) + £ a(x) - \N^(vi)\.(o(vi) 

xeN M M 

which is not necessarily equal to 

co(L)+ £ co(x)~ £ co(x). 

X(zN VJ] ( V >) X€N M M 

So, a contradiction is not reached. 

Similarly, if we suppose that £ co(x) < £ co(x), a contradiction is 

xeN a[ij\(yj) x€N D[i,j]( v j) 

not reached. Let L" — v\...Vi-\VjViVi + i...Vj-\Vj + \...v n be the order obtained from 
L by inserting v 7 just before v ( -. Then we have: 


cd(L") = co(L) + |iV [ +. ] (v ; -)|*®(v / ) - £ oj(x) 

xeN- [i,j] (v,j 

which is not necessarily equal to 

w(L)+ £ co(x)~ £ co(x). 

xeN fcj](yj) xeN \i,j]( v j') 


However, we prove the existence of weighted local median as follows: We 
define the weight of an arc e — ( u,v ) e E as co(e) — co(u).co(v). Let L — viV 2 -..v„ 
be an order of V. We define the weight of L as <u(L) := £ <u((v;, v ; )). 

{vi,Vj)eE,i<j 

Hence co(L) := £ <u(v,).(u(v ; ). An order with maximum weight is called 

{vi,Vj)eE,i<j 

a weighted median order of T. 

Now, every weighted median order is a weighted local median order. Indeed, let 
L = v i V 2 • • • v n be a weighted median order of T and assume that the feedback prop¬ 
erty does not hold for some i < j. Suppose that £ co (x) < £ co(x). 

xeN tj]M xeN M^ 

Let L' — v\...Vi-\Vi+\...VjViVj + \...v n be the order obtained from L by inserting v, 
just after vj. Then we have: 


(o(l!) = (o(L) + £ co((v k ,Vi))- £ co((vi,v k )) 

{v k ,vi)eE, i<k<j ( Vi,v k )eE , i<k<j 
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= 0)(L) + Y ©(v*).G>(Vf)- Y ®(v*)-ffl(Vf) 

{v k ,Vi)eE, i<k<j (■ Vi,v k )eE, i<k<j 

— co{L) + [ Y o)(x)~ Y co(x)].(o(vi) > co(L). 

xeN M^ xeJV M (vi) 

which is a contradiction to the maximality of co(L ). 

Similarly, suppose that Y 03(x) < Y 03 (x). LetL" = vi...v;_ivyv i v i+ i...vy_iv ;+ i...v„ 

Xe7V D[ij1 (V ^ JCGJ Yd[.-j] C v >) 

be the order obtained from L by inserting Vj just before v*. Then we have: 

= 0 )(L)+ [ Y 03(x) — Y 03(x)].03(vj) > 03(L), 

x€N ^j]( v j) X ^ N M ( v r) 

which is a contradiction. So, L satisfies the feedback property and thus it is a local 
median order of T. 

Although the statement of theorem 3.5 of [2] is true, but its proof contains a 
mistake. The theorem states that if G — (V.E) is an orientation obtained from 
a tournament by deleting a star (set of arcs incident with the same vertex), then 
G satisfies Seymour’s second neighborhood conjecture. Their proofs proceeds as 
follows. Let x denote the vertex incident with all the missing edges (x is the center 
of the deleted star). For every missing edge xy, let Q — {q E V; (y,q), (q,x),y ^ 

A ++ (g)} and R — {r e V; (r,y) e E , (jc, r) ^ E,x £ N ++ (r)}. Then at least one of 
Q or R is empty. Indeed, assume that q G Q and r e R. Since q and r are adjacent 
vertices in G, then there are two possibilities. If (r,q) 6 E, then x E N ++ (r), a 
contradiction. If (q,r) E E, then y E N ++ (q), a contradiction. Assume first that 
Q — (j). In this case add the arc (jt,y) to G. No vertex, except possibly v, received a 
new vertex in its second out-neighborhood. Assume next that R — (^. In this case, 
add the arc (y,jc). 

Now the authors of [2] claims that no vertex at all received a new vertex in its 
second out-neighborhood and that the obtained tournament T, by adding all these 
new arcs using the above procedure, satisfies the following: Vv G V —x, N ++ (v) — 

A^ + (v). This is false. As a counterexample, consider the following digraph G 
with vertex set {x,y,z,t,q} and arc set {(?,<?),(?,*), (z, q), (x, z), (z, y), (t,q), (t,z), (t,y)}. 

Then q E Q, R = (/) and z £ N ++ (y). So we must add the arc (y,jt) to G. But now 
z becomes a new second out-neighbor of y. 

A correct proof can be established as follows. We orient each missing edge 
xy by following the above procedure exactly to obtain a tournament T. If v = x. 
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then we can modify T so that all the arcs that have been added enter x. Then x is 
again a feed vertex of the new tournament T'. Since all the out-neighbors of x in 
T' are whole vertices (a whole vertex is avertex adjacent to all the other vertices 
in G)in G, then N + (x) = Nj,(x) and N ++ (x) = Nj, + {x). However, x has the SNP 
in T' , since it is a feed vertex, then x has the SNP in G as well. Finally, suppose 
that v — y and xy is a missing edge. Again we reorient the arc incident y so that it 
enters y. Then y is a feed vertex of the new tournament T', and so y has the SNP 
in T'. We have N 1 (y) = N.'j., (y) . Moreover, N'' + (y) = N^, + (y). Indeed, suppose 
that (y,z), (z,a),(a,y) G E(T'). Then z^x. If a ^ x or z is a whole vertex, then 
(y,z), (z,a) G E. Otherwise, a — x and z is not a whole vertex. So zx is a missing 
edge and (z : x) is an added arc to G. Then for the missing edge zx we have R — (j). 
We have (y,z) G E and (jt,y) ^ E (because xy is a missing edge of G). Then 
x G N ++ (y), since otherwise, y E R — (j) which is a contradiction. Therefore, y 
received no new vertex in its second out-neighborhood in T'. Thus y has the SNP 
in G as well. Similarly, if v is a whole vertex, then we have N ++ (v) — N^ + (v). 
Thus v satisfies the SNP in T and G as well. 
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